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Properties of the regular and irregular solid harmonics

R J A Tough and A J Stone
University Chemical Laboratory, Lensfield Road, Cambridge, CB2 1EW, UK

Received 14 February 1977, in final form 4 April 1977

Abstract. Stone’s Cartesian-spherical transformation formalism is shown to yield a unified,
simple and concise demonstration of the properties of the regular and irregular solid
harmonics.

1. Introduction

The regular and irregular solid harmonics r'Cim(0,¢) and r"'Cim(0, ), where
Cim (6, @) is an un-normalised spherical harmonic (Brink and Satchler 1968), are among
the simplest and most familiar special functions of mathematical physics. The standard
derivations of their properties are, however, lengthy exercises in algebraic manipula-
tion (Hobson 1931, Morse and Feshbach 1953) or group theory (Talman 1968). In this
paper we define, and investigate the properties of, the spherical tensorial sets of
quantities

R (r)=[2D!1/2772AN" Y Fayo o ralay .. ag]12.. .15 m) (1)

aq...ai

and

L) =D2Y7@D1IT2 Y Vo Var Nay ... ai]12... 1;m)  (2)
where 7, and V, are Cartesian components of the vector field r and the gradient
operator V respectively and {a; ... a|12.../; m) is a Cartesian-spherical (cs) trans-
formation coefficient as defined by Stone (1975, 1976) whose notation, within the
Condon-Shortley phase convention, we use here. By exploiting the properties of these
coefficients we are able to determine the differential properties of these tensors and to
establish the addition theorems they obey. The defining relations (1), (2) are then shown
to lead to very simple expressions for I, (r) and R,,(r) in terms of the Cartesian
derivatives of 7. When Ry,,(r) and I;,.(r) are identified as being respectively regular
and irregular solid harmonics we find that we have derived the principal properties of
these functions in a straightforward and systematic fashion.

2. Differential properties

In this section we determine the forms taken by VR, (r) and VI, (r), where V,, is a
cyclic component of the gradient operator defined by

V.=Y Vola|l; u). (3)
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1262 R J A Tough and A J Stone

From (1) and (3) we have

V.Rin(r)=[2DY/2124)™" L B(BlluWB(ra, coraXay . a|12. . m),

al...al

Now

{
Va(Tay o o Ta) = 0 Tay oo Tayslager - « - oy Opay
j=1

and so we have

VuRm(r)=[D!/27720" % i (Bllwray o Fay_Fayey - - e

al. . j=1

X{ay...aq12...1;m)

=[@n/2'12ant ¥ ZI:rc,,...r,,,_,ram...ra,(a,-llu)

aj..aij=1

X(a,...a1|12...l;m). (4)

As the cs coefficient {a; ...a;|12...1; m) is symmetric in all its Cartesian indices
(Stone 1975) we have

(ay...a12. .. l;my=(a)...j-10j+1 ... ar;|12 ... 1; m)
=Y ar... 01041 .. |12 =1, m—vXa|lvXI-11m—~vv|im)
and so (4) becomes, when we use the result
%(all; uXal|l; v)=(=1)"8, .,

VuRim ()= (—1*[QI= DI =11 m+p —p I MRy o (F) (5)

-1 ) 1

=@ (0

)Ritmentn) (6)
where we have introduced the more symmetrical Wigner 3j symbol in place of the
Clebsch—-Gordan coefficient.

Similarly (2) and (3) give us

Vol ()= (-D'[27QDT? Y (ar...af12...5;mXBI )V V0. .. Vo r7). (7)

al..al
B
As the Cartesian tensor V...V, (r"') is symmetric and traceless in each pair of its
indices it has only /th rank non-vanishing spherical components (see appendix).
Consequently, on inverting the defining relation (2) and substituting this and the
recursive definition of (12...1/+1; v|a; ... a8) into (7) we obtain

Vlm(r)==[Q2I+1D]* ¥ day...a12...;mX12.. . ,v—nla;...a)
ay..af
v,m

XBuX1nBXI 1v =)l +1v), ().
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The unitarity of the cs transformation then gives us

Vol () ==[QI+ D] I mpll+ 1 m+ )t men (r) (8)
+m+u 1 l 1 l+l
=@ @A T ). ©)

We can now establish that both R, (r) and I,,,(r) are harmonic functions; that is,
that they are solutions of Laplace’s equation

Vi =0.

This follows immediately in the case of I, (r) since ™" is itself an harmonic function.
Two applications of (5) give us

VZRIm (f) = Z (~1)“ Vu V—u.le (r)
=1 - DI+ 121~ D)’ Riczm(r)

XY (D*U~11m+p —plm}l-21mull-1m+pu)

from which VR,,,(r) =0 follows by the orthogonality of the Clebsch-Gordan coeffi-
cients.

3. Addition theorems

We will now determine the forms taken by R,,,(r') and L., (r'), where r' =r +a. From
the defining relation (1) we have

Rin()=[@DY212AN) Y rhy . rhan .. .a12...,m)  (la)

@y..a

where r, =r, + a,. By direct expansion we have

’ '
Foy oo Ter =0y oo Qo F 2. Ay v+ Oy 8 - - - Al
i

LD D SR S WS SN RPN X S SO SR
which gives us, on substitution into (1a),

R (r)=[D!/2'1'* ¥ Zl[s!(l—s)!]'lra,,...ra,aam...aa,<a1...m|12...l;m>

ay..a; s=0

where we have again exploited the symmetry of (&1 ... |12 ...[; m) in its Cartesian

indices. A standard Cartesian—spherical transformation (Stone 1976) enables us to
evaluate

Y Tare e Talaey o Qa0 .o a]12. 0 L m).

@i...al



1264 R J A Tough and A J Stone

Explicitly we have

Y ey Talagey - Galay .. 12,01 m)

al...0f

= [[ [@I+20-2s - D)o+ 1)]"*W(o—111~sl-s+o;al-s+a—1)
o=1

X Y Fayoitafay. .. a5|12...8; 080, . . . Ga
aj
t

X{agr ... aq|12.. . I=s;m—tXl—ssm—tt|lm).
As the Racah W function has a value given by
We-111-sl-s+o;0l-s+a-1)=[QI~2s+20 - 1)Q20 + 1] ?

we have, after identifying R, (r) and R, —.(a)

Rim(r)= Z’O [(21)!/(28)4(21 = 25)!]"*Rot(P)Ry—sm~ (@) (s I =5 t m ~t]l m) (10)
Jt)=s
_y _1+m_L2L‘*_'l)!__l/2 I-s s I
—ﬁ;’( b ((2s)!(2l-2s)!) RuOR-smes@)(, 5 7 _,,) 0D

I, (r') can be found by transforming the Taylor series expansion
VQ, e VQI(R_I)R=,.+¢ = Z (S!)_lrpl Ce rB,VB, e Vplva, e VQI(R_I)R=¢,
ﬁl:;uas
ri<lal,

from Cartesian to spherical tensorial form. Standard methods give us

Z (a1 v (11,12 e l, m)rg, e rB,VB, e Vplva, [N VQI(R—I)R=G

a@l..af

B1...8s

= (~1P[@1+2s +1)/@1+ D2 ] [21+20 - )20 + 1)]2
o=1

XWe—-11ll+a;0l+a-1) Y {Bi...Bll...5;t)rs, ...15

al..af

Blu-Bs
t

X(B1...Beay...al12.. I+s,m—1)
XVg, ... V5V . . Vau(R Dr=all+ssm—tt)lm).

Evaluation of the Racah W functions simplifies this to

CITQRI+2s+1)/QI+ DT Y (Br...B:l12...5;0)r8, .. .15

ay...af

B1...Bs
t

XB1...Bsar...cq|12. .. l+s;m—1t)
XVg, ... Vg,V . . Vo (R Npoofll +ssm—tt|lm)

s
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which, upon identification of Ry (r) and I;.,.-{a), yields the addition theorem

Ln(r+a)= 3. [@1+25+ D1/ @I+ DI Rulr) issmAaXl+ssm~ttllm),
s=0
|tl=s
rl<lal (12)

& o {CLF2s+ 1)1\ V2 I+s s |
_sgo(—l)l ((21)!(2s)!) RS'(r)IHs’m_'(a)(m—t t —m)’

lt|=s
Irl<lal. 13)
When | = m =0 this result reduces to an expansion of |r+a|™":

r+a| "= zo 1 "Ru(PL (@), Irl<lal. (14)

Jt|=s

4. Explicit expressions for I;,(r) and R,.(r)

The defining relation (2), along with the recursive definition of the cs coefficient
(ay...a|12...1; m), gives us the result

In(P)==[QRI=- D] Y Vol (WX =1 1 m—p |l m). (15)

We will now prove, by induction, that this implies the following expression for I,, (r)

in terms of Cartesian derivatives of '

_ (=1 9, 9\ ¥ 1 >
I'"'(r)_[(l+m)!(l—m)!]”2(axﬂay) oz'™™m (r)’ m=0  (16)

or, in terms of the spherical components of the gradient operator,
L (r) = (=1 2™+ m)I —m)' V297960 7Y, m=0. (17)

To do this we substitute in (15) an expression of the form of (17) for I;-; .-.(r), and
the algebraic expression (Rose 1957) for the Clebsch~Gordan coefficient, and making
use of the result

V-]Vl(f~l) =%Vg(r_l)’ r# O,

we find that some straightforward algebra leads to (17). This establishes the induction.
As (17) holds trivially when / = 0 we now see that it holds for all [, m = 0.
The result

(ay...q12... 5;my*=(1D)(a,...ay|12...1; —-m)
then gives us

Lo (1) = (= 1) Ly (r)*
and so we can write

Lam(r)=(=1)'2"2[I +m)!1( ~m)!] 2V VG (), m=0. (18)
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We will now show that
Lim(r) =172 7Ry (r). (19)

The proof is again by induction. Firstly though, we find it convenient to introduce the
spherical tensorial set of quantities

Bim (F) = Rim (F) = r 'Rim(r) (20)

where #=|r|"'r. 4,,(#) is thus a function only of the direction of r and not of its
magnitude. The Lth rank spherical tensor

Y. Gim(F)Erm (FXI mm'|L M)
is again a function only of the direction of r; consequently we can write

L Cim(F)Grm (FXIT mm'|L M) = AprEom(F). 21)

To identify the constant A, we consider the special case in which 7 is e, the unit vector
in the z direction. It is readily shown from the definitions (20), (1) that €, (e.) = 8mo.
From this we see that Ay = (I’ 0 O|L 0), while inversion of (21) gives us

G (F)CrmAF) =Y. (11" OO|L OXII' m m'|L M)YGLps(F). (22)
LM

To establish (19) we substitute an expression of this form for I,_; ,,—, (r) into (15). This
then gives us

Lm(r)=—[1QI-D]*Y - 11m~pullm)V,(r > Ri_y ey (r)).
Now

Vit ™ Rz W) =1 VLR g (1) = QU= D 2 7 Ry ey (). (23)

The first term in this expression is readily obtained from (5}); to evaluate the second term
we note that

ruRi1,m-u(r)
=r'1. (A€i-1,m-u(F)
= [/ QI=- DXL 1=1 pm = pll myGm(F)+(-1)* 21 -1)"
X[ =1DRI=3NVH1I=2=pmll =1 m=p)C1 2 m_u(F)}

where we have used (22) and the symmetry properties of the Clebsch-Gordan coeffi-
cients. Thus from (23) and (5) we see that

L) =r"€,AOY Al-1pm-pllm}I—11m—pu|llm)
m

=r "G (F) =r IR (r).

This establishes the induction. As the result holds trivially for ! = 0 we see that it holds
for all [, m. We now have an explicit expression for Ry, (r):

Riam(r)=r*"""1um(r)

= (=1 2" [+ m)\ (I —m)N] V32N Ve, m=0.
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5. Discussion

The quantities Ry, (r) and I, (r) are respectively the regular and irregular solid
harmonics r'Cin (6, ¢) and r ™' "Gy (8, ). This identification is made most readily
through the results (17) and (19) derived in § 3. We note the result (Hobson 1931, p
134)

'Pf"(cosa)ei’""’_ 8 .3\ a1

(1)~ m) ——r—,:l———-—(a—;-ﬂg) Z=(z),  m=o (24)

where P;"(z) is an associated Legendre function with argument z ; the identification
Ilm(r) = r—l—lclm(& ¢)

then follows immediately. From (19) we obtain
Rin(r)= "ZHIIlm (r)= rlclm (8, &).

The quantities €., (F) of (20) can be identified with the spherical harmonics C,,,, (8, ¢),
where 6, ¢ are the polar angles defining the direction of 7.

Having identified the regular and irregular solid harmonics we see that, while no
new results have been obtained, our cs transformation formalism, which combines the
conceptual simplicity of the Taylor series expansion methods of the classical approach
described by Hobson (1931) with the more powerful algebraic methods of the represen-
tation theory of the rotation group, has allowed us to derive the principal properties of
these functions in a concise and elegant fashion. The differential properties of § 2 have
previously been obtained both as special cases of the gradient formula, conventionally
derived by dint of some fairly heavy Racah algebra (Rose 1957) and by classical
methods in which the Clebsch—-Gordan coefficients are carried throughout in their
explicit algebraic forms (Hobson 1931). The addition theorems of § 3 have been
obtained both by classical methods (Hobson 1931) and by the use of sophisticated
group theoretical techniques (Talman 1968); the analysis involved in both these
derivations is much more complicated than is that of our procedure. The demonstration
of even the special case (14) from a Taylor series expansion is achieved by classical
methods only ‘after considerable algebraic drudgery’ (Morse and Feshbach 1953).
Finally, we note that of the derivation of (17) and Hobson’s demonstration of (24) our
proof is much the more compact.
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Appendix

It will be shown that a Cartesian tensor A., . of rank / which is symmetrical and

traceless in each pair of indices has only (2/ + 1) independent components, which form a
rotationally irreducible set.
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The cs coefficient projecting out the spherical component A;, ;.. from the tensor
Aal...al iS

(al...a,[jl...j,;m).

This coefficient will be, like the tensor itself, traceless in every pair of adjacent Cartesian
indices. Therefore we have

z 50,,,,,,“((11 e a;[]'l .. .jl; m)

Or,Qr+1
=6,',+,,,-,_1(—1)j'+j"‘(a1 R » SEEYs 0 S alljl .. -jr—ljr+2 . -jl; m>
=0

which implies that j,_, #j,+1. Consequently j,.1=j,-1% 1, j,_; = 2, these being the only
values allowed by the triangle conditions on the coupling of the constituent (f = 1) units
to form the polyadic or archetypal tensor.

The cs coefficient must also be invariant under the interchange of adjacent
Cartesian indices. Therefore we have

(r,r+1Xe;...aljr...ji;m)

— _ j,+f . 1/2 1 jr—l jr
=3 Coag e+ e A

Xar...alft .. jo=1flrer...Ji;m)
=(a1...a1|j1...j1;M>-

It is readily verified that only those cs coefficients for which j,.; =j,_;+2 have this
property. Now j; =1 and therefore j; = 3. The (1, j,, j3) triangle condition requires that
j2=2; the (js, 1, j4) triangle condition requires that j,=4. Similarly j,=r. Conse-
quently the only cs coefficients with the requisite properties have the form
{ay... a1[12 ...1; m); this proves the theorem.

We note that the fact that the tensor A,,. ., has only (2! + 1) independent compo-
nents can also be proved quite simply by counting. A totally symmetrlca] rank /
Cartesian tensor has 3(/+ 1)(/ +2) independent components; the 3/(/ — 1) constraints
implicit in the tracelessness property of the tensor reduce this number of independent
components to

A+ +2)-4HI-1)=341+2)=21+1.

An example of a Cartesian tensor with these properties which is of considerable

1mportance in physical appllcatlons is the interaction tensor (Buckingham 1965)

Tor..a(r) = Vo ... Voo (r™'). We now see that the only non- -vanishing spherical compo-
nents of this tensor are proportional to the irregular solid harmonics:

Ty i) = (= D'I@DY2T7 1] 80" Cin 6, 8).
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